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ABSTRACT

The spatial density of the known asteroids is
presented graphically as a function of absolute mag-
nitude for heliocentric distances within the range of
1 to 4.5 astronomical units in 0.1 astronomical-
unit increments. Two sets of graphs are presented.
The spatial density averaged over all ecliptic longi-
tudes is presented in one set, and the spatial density
for eight ecliptic longitude intervals at each heliocen-
tric distance is presented in the other set. A partial
correction for observational selection effects is
shown on each graph.
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SPATIAL DENSITY OF THE KNOWN
ASTEROIDS IN THE ECLIPTIC PLANE

By Donald J. Kessler
Manned Spacecraft Center

SUMMARY

The spatial density of asteroids is studied as a function of absolute magnitude,
distance from the Sun, and heliocentric longitude and latitude. The probability of
finding each asteroid at a particular distance from the Sun is computed, along with the
heliocentric longitude and latitude of the asteroid at that distance.

A series of graphs has been prepared which illustrates the spatial density of
asteroids as a function of absolute magnitude for various distances from the Sun, and
longitude intervals. Each graph includes a correction for observational selection
effects and a tabular latitude distribution,

INTRODUCTION

Asteroids are usually observed from Earth as bodies in orbit around the Sun be-
tween the orbits of Mars and Jupiter. The asteroids discovered to date are within the
range of a few kilometers to 700 kilometers in diameter. The orbits for 1684 aster-
oids are listed in reference 1. Less than 40 of these asteroids cross the orbit of
Mars; only three cross the orbit of Earth.

The purpose of this document is to present graphically the spatial density of the
cataloged asteroids as a function of the absolute magnitude for various distances from
the Sun, and the heliocentric longitude intervals. The graphs were derived by comput-
ing the probability of finding each asteroid at a specific heliocentric distance and then
computing the sum of these probabilities to obtain the spatial density. The upper curve
in each graph has been partially corrected for selection effects by adopting the proce-
dure outlined in reference 2.

From these graphs, the radial distribution of asteroids can be studied as a
function of heliocentric longitude and limiting size. However, because of the remain-
ing observational selection effects, it may be necessary, in many cases, to extrapo-
late the distribution curves to the desired size. This approach differs from that used
by Narin (ref. 3) who calculated the position of the numbered asteroids for a series of
days. His resulting distributions were not corrected to a limiting asteroid size.



The programing necessary to produce this document was prepared by Jesse L.
Gamble, Computation and Analysis Division, Manned Spacecraft Center, Houston, Texas.

SYMBOLS
A surface area of a spherical shell around the Sun, km2
a semimajor axis of an asteroid orbit, AU
C factor to correct for observational selection effects
e eccentricity of an asteroid orbit
F fraction of the total number of asteroids found within +2° of the ecliptic at any

one time (The F associated with the table in figs. 2 to 277 has been rede-
fined to be the fraction of asteroids found in the ecliptic latitude interval
noted in the table.)

g absolute photographic magnitude of an asteroid (that is, the apparent photo-
graphic magnitude of an asteroid located 1 AU from the Sun and viewed from
the Sun)

i inclination of an asteroid orbit

N number of asteroids with apparent photographic magnitudes between

p-%and p+%

P probability of finding an asteroid at a distance of R + %— AR from the Sun
P apparent photographic magnitude of an asteroid when it is at a distance from

the Sun equal to its semimajor axis
q perihelion distance of an asteroid orbit, AU
q' aphelion distance of an asteroid orbit, AU
R distance from the Sun, AU

S spatial density caused by one asteroid, assuming it can be found at any
heliocentric latitude, number/km3

S spatial density caused by one asteroid, assuming it is found within +2° of the

ecliptic, number/km3

Sz(g) spatial density of asteroids with absolute magnitude g or brighter, assuming
that all the asteroids are found within +2° of the ecliptic, number/km



S average spatial density in the ecliptic plane as the result of one asteroid
S, = FS,, number/km3

Se(g) average spatial density of asteroids with absolute magnitude g or brighter,
located in the ecliptic plane Se(g) = FSz(g), number/ km®

T period of revolution of an asteroid around the Sun, sec

t time required for an asteroid to transverse a distance AR, sec
Vh heliocentric velocity of an asteroid at R, km/sec

Vr radial velocity component of an asteroid at R, km/sec

B heliocentric latitude (noted as B on figs. 2 to 277)

AR increment of R, km
A heliocentric longitude

v angle between the heliocentric velocity vector of an asteroid and the tangent
to a spherical shell around the Sun

v true anomaly of an asteroid at R

Q longitude of ascending node of an asteroid orbit

w argument of perihelion of an asteroid orbit
ANALYSIS

Average Spatial Density as a Function of
Distance from the Sun

Consider a spherical shell around the Sun which has a radius of R astronomical
units (AU) and a thickness of AR kilometers. The probability of finding an asteroid
in this shell is

p=2 (1)

where t is the time required for the asteroid to transverse AR and where T is the
period of revolution of the asteroid around the Sun. The factor 2 appears because the
asteroid will penetrate the shell twice for each revolution around the Sun.



The period of revolution of an asteroid around the Sun is determined from stand-
ard orbital mechanics as follows. ‘

T = 2%/ %(3.156 x 107) (2)

Since AR is small, the trajectory of the asteroid may be considered as rectilinear

between R and R + AR. Thus, the time required for the asteroid to transverse AR

is t= %E where Vr is the radial velocity component of the asteroid at R. The ra-
r

dial velocity is given by Vr = Vh sin ; where Vh is the heliocentric velocity of the

asteroid and p is the angle between Vh and the surface of the imaginary spherical

shell. From standard orbital mechanics

V, = 29.76(2/R - 1/2)1/2

(3)
and
2 2
coszu = aﬁ((ﬁli::fi—ﬂ) (4)

where a represents the orbital semimajor axis of the asteroid and e represents

the orbital eccentricity of the asteroid. The average spatial density at R, caused by
a single asteroid, is S =

P s .
AR where A (the area of the shell) is given by

A = 47R%(1. 495 x 108)2 (5)

By combining and then rearranging the preceding equations and by using the well-known
expressions for the perihelion g and aphelion q' distances, then

-27
S - 7.58 X 10

———173 (6)
R (1 - R)(F - 1)




The average density over the entire sphere is presented in equation (6). However, the
asteroids are known to be concentrated close to the ecliptic plane, with approximately
one-fourth of them located within +2° of the ecliptic plane. If F is the fraction of

asteroids within +2° of the ecliptic plane, then the spatial density in the ecliptic plane
is Se = SZF where S2 is the spatial density found by assuming that all asteroids are

located within +2° of the ecliptic plane. This procedure was chosen since it is pos-
sible that the value of F is a function of R. Thus

g . 2.17125x10°%

RV

The heliocentric latitude B of the asteroid at R can be computed from

(7)

sin B = sin i sin (w + V) (8)

where i is the orbital inclination of the asteroid, « is the argument of perihelion
of the orbit, and v is the true anomaly at R. The true anomaly is computed from

2
cosv-_—a‘(l_—_e_)_%

eR (9)
and has two values for each R.
Spatial Density as a Function of
Heliocentric Longitude
The heliocentric longitude X of an asteroid can be computed from
A=Q +tan_1[cositan v +w)] (10)

where 2 is the longitude of the ascending node of the asteroid orbit. Since each
value of R has two values of v, there will also be two values for A at each R.
Thus, the spatial density as a function of R can be found for any interval of X by
determining if the asteroid passes through that interval at that R. Since each aster-
oid will have two values for A at each R (one value as the asteroid approaches the
Sun and another value as it departs), each case must be considered individually.



Thus, the factor 2 must be removed from equation (1). The factor 27/AM is intro-
duced to modify equation (7). Thus, equation (7) becomes

1.0862 x 10”22

aff- ()

Selection Effects

(11)

o

The probability of an asteroid being detected depends on many variables: the
location of the observer, the size of his telescope, the absolute magnitude of the as-
teroid, and the length of time the asteroid is bright enough to be observed.

Since the asteroids listed in reference 1 are compiled from the results of many
astronomer's observations, it is nearly impossible to correct for every possible
selection effect. However, Kuiper (ref. 2) concludes that the probability of an as-
teroid being detected is very nearly a function of its average opposition magnitude
(that is, its apparent magnitude if it were placed at a distance from the Sun equal to
its semimajor axis and observed from Earth which is located between the Sun and the
asteroid). Kuiper's procedure for correcting the cataloged asteroids will be adopted in
this document. The number of asteroids (ref. 2) of average photographic magnitude

p between p - % and p +—;- is given by

N(p) = -2. 38 + 0. 35p (12)

Thus, the correction factor as a function of p can be computed by comparing equa-
tion (12) with the distribution of p of the cataloged asteroids (fig. 1). Hence, the
logarithm of the correction factor is the difference between the two curves. This
difference is expressed by

log;, C(p) = 0.02(p - 13)2 (13)

where C is the correction factor needed and where p =13 and

log,, C =0 (14)



where p<13. Since the correction factor becomes very large and hence uncertain for
p> 18, all 14 asteroids which are greater than this limit are eliminated from the anal-
ysis. If the selection effects were only a function of p, this would not introduce new
bias; the net effect is to make the '"plate limit'" at p equal 18.

PROCEDURE

The graphs presented in this document are the results of a computer program
which was written to compute the spatial density Sz, the two ecliptic longitudes \,

and the two corresponding ecliptic latitudes B of each of the cataloged asteroids
(ref. 1) for different values of R.

The spatial density of asteroids in the ecliptic plane with absolute magnitude g
or brighter, Se(g), at each radial distance R, was computed by adding the values of

S2 for all asteroids of absolute magnitude g or brighter and then by multiplying by

an adopted value F = 0,24. This spatial density is plotted as the lower curve on each
graph.

The upper curve of each graph includes a correction for observational selection
effects as described in the analytical section of this document. This curve was ob-
tained in the same manner as the previously discussed lower curve except that each
value of S2 was weighted by the correction factor C. For absolute magnitudes of

one or two less than the maximum value of g on each graph, this correction factor
becomes incomplete because of the nature of the correction factor used; that is, two
asteroids with equal values of g probably will have different values for p. As g
approaches its maximum value on each graph, there will be increasingly more values
of p that are larger than 18, Since p is a function of the semimajor axis of the aster-
oid, a second correction factor is needed that reflects the distribution of the semimajor
axis. This second correction factor is not determined in this document.

The value F = 0.24 was adopted to facilitate the computation for each graph.
The validity of this approach was confirmed by the results which indicate that F is
roughly independent of R and A, if the statistical fluctuations are smoothed out. The
actual value of F at R and X is indicated on each graph.

The latitude distribution of asteroids at each position in space is given in the
table at the right of each graph. The table was constructed by assuming the latitude
distributions are symmetrical about the ecliptic plane. For purposes of the table, F
has been redefined to be the fraction of asteroids located within the interval of helio-
centric latitude (noted as B) given in the table. Thus, the average spatial density at
other latitudes can be found by multiplying Se(g) by the product of two ratios: (1) The

appropriate value in the table to 0.24 and (2) the volume of space within 2° of the eclip-
tic to the volume of space within the desired latitude (for example, for B = 8° to 10°,
this second ratio is 1.0123).



Two sets of graphs were produced.

1. The first set of graphs (figs. 2 to 37) is for values of R from 1.0 to 4.5 AU
for every 0. 1-AU increment, with the spatial density averaged over all longitudes

(eq. (7).

2. The second set of graphs (figs. 38 to 277) was produced by dividing each R
into eight intervals of heliocentric longitude. The two values of heliocentric longitude
of each asteroid at R were computed (eq. (10)), and the asteroid was then considered
in its appropriate heliocentric longitude interval. Within that heliocentric longitude
interval, spatial densities were computed (eq. (11)) for values of R from 1.0 to 4.5 AU
at every 0.1-AU increment. When less than three asteroids were found in a particular
AX, no graph was produced.

CONCLUDING REMARKS

The spatial density of asteroids in the ecliptic plane is presented graphically as
a function of absolute magnitude for various distances from the Sun and heliocentric
longitude intervals. A tabular latitude distribution is presented on each graph.

Manned Spacecraft Center
National Aeronautics and Space Administration
Houston, Texas, March 5, 1969
124-09-14-01-72
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Figure 64. - Spatial density at R = 1.80 and at longitudes between 180.0 and 225.0.
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Figure 67. - Spatial density at R =1.80 and at longitudes between 315.0 and 360.0.
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Figure 98. - Spatial density at R = 2.20 and at longitudes between 270.0 and 315. 0.
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Figure 99. - Spatial density at R = 2.20 and at longitudes between 315.0 and 360.0.
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Figure 193. - Spatial density at R = 3.40 and at longitudes between 225.0 and 270.0.
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Figure 195. - Spatial density at R = 3.40 and at longitudes between 315.0 and 360. 0.
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204



TOTA. ASTEROIDS USED = 11

L F= -3241156-00
o
c
-22.15
E. — T
u / 8 F
- S -23 0 -2 .324
P p 2-4 202
A 4-6 .061
E
T g -23.25 /r‘ 6-8 .074
1 8 -10 .062
A, 10 -12 .056
L -23.5 L 12 -14 -100
e 3 / 14 -16 .0a2
/ 16 -1a .006
// 18 -20 .005
-23.15

o< -}t L HO
O B

//
-24.25

K
1
N

o
Y] |
C g -24.5
Loy /‘
poE T
¢+ T -24.75
1
c

-25

P
1
) |
N &.25 9 10 1 12 13 14
)

ARSOLUTE MAGNITUDH
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Figure 200. - Spatial density at R = 3.50 and at longitudes between 180.0 and 225.0.
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Figure 203. - Spatial density at R = 4.20 and at longitudes between 0 and 45. 0.
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Figure 204. - Spatial density at R = 4.20 and at longitudes between 90.0 and 135. 0.
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Figure 205. - Spatial density at R = 4.20 and at longitudes between 135.0 and 180. 0.

213



QAN K= LML ZID NPeLdP9n VO Qo

meL ™

wme TmPITTZ

O=332 O

M= HLEOT =X

TOTAL ASTEROIDS USED = 71
F = .5579449-00
-22.5
-23 /’_.—-—
-23.5 //
//
-24 I/

~24.5 J

9 10 11

ABSOILUTE MAGNITUDE

12

-, - -
DN O D NS

[ T -]

® O BN

-12
-14
~16
-12
-20

-558
137
<063
<0586

1016
066
011
.000
025

Figure 206. - Spatial density at R = 3.50 and at longitudes between 270. 0 and 315. 0.
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Figure 207. - Spatial density at R = 3.50 and at longitudes between 315. 0 and 360. 0.
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Figure 209. - Spatial density at R = 3.60 and at longitudes between 45. 0 and 90. 0.
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Figure 210. - Spatial density at R = 3. 60 and at longitudes between 90.0 and 135. 0.
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Figure 211. - Spatial density at R = 3. 60 and at longitudes between 135. 0 and 180. 0.
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Figure 212. - Spatial density at R = 3.60 and at longitudes between 180. 0 and 225. 0.
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Figure 213. - Spatial density at R = 3.60 and at longitudes between 225. 0 and 270. 0.
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Figure 214. - Spatial density at R = 3. 60 and at longitudes between 270. 0 and 315. 0.
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Figure 215. - Spatial density at R = 3.60 and at longitudes between 315.0 and 360. 0.
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Figure 216. - Spatial density at R = 3.70 and at longitudes between 0 and 45.0.
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Figuré 217. - Spatial density at R = 3.70 and at longitudes between 45. 0 and 90. 0.
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Figure 218, - Spatial density at R = 3.70 and at longitudes between 90. 0 and 135. 0.
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Figure 219. - Spatial density at R = 3.70 and at longitudes between 135.0 and 180.0.
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Figure 220. - Spatial density at R = 3.70 and at longitudes between 180.0 and 225.0.
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Figure 221. - Spatial density at R = 3.70 and at longitudes between 225.0 and 270. 0.
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Figure 222. - Spatial density at R = 3.70 and at longitudes between 270. 0 and 315. 0.
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Figure 223. - Spatial density at R = 3. 70 and at longitudes between 315.0 and 360. 0.
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Figure 224. - Spatial density at R = 3.80 and at longitudes between 0 and 45. 0.
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Figure 225. - Spatial density at R = 3.80 and at longitudes between 45.0 and 90.0.
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Figure 226. - Spatial density at R = 3.80 and at longitudes between 90. 0 and 135. 0.
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Figure 227. - Spatial density at R = 3.80 and at longitudes between 135. 0 and 180. 0.
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Figure 230. - Spatial density at R = 3.80 and at longitudes between 270. 0 and 315. 0.
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Figure 235. - Spatial density at R = 3.90 and at longitudes between 135.0 and 180. 0.
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Figure 237. - Spatial density at R = 3.90 and at longitudes between 225.0 and 270. 0.
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Figure 244, - Spatial density at R = 4.00 and at longitudes between 180. 0 and 225. 0.
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Figure 245. - Spatial density at R = 4.00 and at longitudes between 225. 0 and 270. 0.
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Figure 249. - Spatial density at R = 4.10 and at longitudes between 90.0 and 135.0.
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Figure 253. - Spatial density at R = 4.10 and at longitudes between 270.0 and 315.0.
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Figure 271. - Spatial density at R = 4.50 and at longitudes between 45.0 and 90. 0.
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Figure 272. - Spatial density at R = 4.50 and at longitudes between 90. 0 and 135. 0.
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Figure 273. - Spatial density at R = 4.50 and at longitudes between 135. 0 and 180. 0.
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Figure 274, - Spatial density at R = 4.50 and at longitudes between 180. 0 and 225. 0.
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Figure 275. - Spatial density at R = 4.50 and at longitudes between 225.0 and 270. 0.
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Figure 276. - Spatial density at R = 4.50 and at longitudes between 270. 0 and 315. 0.

284



TOTM. ASTFROIDS USN = 4

L Fz .0006000
o
G
o
F
1N' -24.3 // F
S M N 0 -2 .000
P a 2-4 .448
L B -
¢ ! -24.5 il 8 -10 000
A, / 10 -12 000
. g 12 -14 .000
é 14 -18 .000
D / 16 -18 000
e 18 -20 000
w C -24.1 v
N oy
f B 1/
1 “
T ¢ /
Y
K -24.9 = -
v
o
N L /
o e
€ yu //
c g -25.1 —
t. T //
L =
/
r ® //
1 -25.3 —
| [
i
A
N -25.5
b 9 9.2 9.4 9.6 9.8 10 10.2  10.4  10.6  10.4 1t
£

ARSOLUTE MAGNITUDE

Figure 277. - Spatial density at R = 4.50 and at longitudes between 315. 0 and 360. 0.
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